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Optimization of the drayage problem using exact methods
Line Blander Reinhardta, David Pisingera, Simon Spoorendonka and Mikkel M. Sigurdb
aDepartment of Management Engineering, Technical University of Denmark, Lyngby, Denmark; bMaersk line,
Copenhagen K, DenmarkQ1
Q25 ABSTRACT
Major liner shipping companies offer pre- and end-haulage as part
of a door-to-door service, but unfortunately pre- and end-haulage is
frequently one of the major bottlenecks in efﬁcient liner shipping
due to the lack of coordination between customers.In this paper, we
10 apply techniques from vehicle routing problems to schedule pre-
and end-haulage of containers, and perform tests on data from a
major liner shipping company. The paper considers several versions
of the scheduling problem such as having multiple empty container
depots, and having to balance the empty container depot levels.
15 The inﬂuence of the side constraints on the overall cost is analy D1sed.
By exploring the fact that the number of possible routes in the
considered case is quite limited, we show that the model can be
solved within a minute by use of column enumeration. Alternative
constraints and problem formulations, such as balancing empty
20 container storage level at depots, are considered. Computational
results are reported on real-life data from a major liner shipping
company.
KEYWORDS
Triangulation; drayage; liner
shipping; vehicle routing;
column enumeration; open
requests
1. Introduction
The pre- and end-haulage of containers is an important part of the service provided by a liner
25 shipping company. Whereas the liner ships provide efﬁcient transport of several thousands of
containers, the pre- and end-haulage is the transport of a single container from the arrival
terminal to the customer and therefore much more resource-intensive. It is often the case
that more energy is used for pre- and end-haulage than for the whole intercontinental trans-
port by sea. In this paper, we optimize pre- and end-haulage tasks for a large European coun-
30 try and both the problem set-up and tested data reﬂect real-life situations of one of the
leading liner shipping companies in the world. The paper is a generalization of the conference
paper of Reinhardt et al. (2012) where some preliminary modelling ideas were presented.
Reducing the driving distance related to the pre- and end-haulage will not only save the
shipping or trucking companies money but it will also reduce the energy consumption
35 and CO2 emission.
In the literature, pre- and end-haulage is also referred to as inland container transport,
hinterland service or drayage. Pre- and end-haulage have origins at sea ports, river beds or
CE: DK QA: AM
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dry ports, where the containers arrive by vessel, barge, truck or by train. All of these loca-
tions are in this paper referred to as terminals. In this paper, we optimize the transport by
40 truck to and from terminals. In the considered problem, there are several terminals and
all terminals have container yards for both full and empty containers.
The orders can be divided into import and export orders. Even though the transport by
truck often is served by subcontractors, the transported containers are usually owned by
the liner shipping companies. Therefore, the transport of empty containers is considered
45 part of fulﬁlling the import and export orders. At the container yards, there are cranes for
moving a container on to the truck. Such cranes are not available at the customers and
the truck must, therefore, wait with the container at the customer until the container is
emptied or ﬁlled. For an export order, an empty container is transported to the customer
where it is ﬁlled and the full container is then delivered at the departure terminal. For an
50 import order, a full container must be delivered from the arrival terminal to the customer.
At the customer location, the import container is emptied and the empty container is
either taken to a terminal for storage, or to an export customer. The task of ﬁlling or emp-
tying a container at the customer location is in this paper referred to as a service.
The use of an import container for an export order is deﬁned as triangulation of two
55 orders. An example of single and multiD2-depot triangulations can be seen in Figure 1. Tri-
angulating the orders can reduce the overall transportation cost by decreasing the distance
travelled by the trucks and the gate entry fees to be paid. However, a possible waiting time
before the export customer can be serviced will introduce a waiting cost which can
increase the overall cost. Another cost is the gate entry fee at the terminals which is paid
60 every time a truck enters a terminal. Thus, there is a possible saving in following an
import order by an export order so that empty containers are put to use immediately.
The most common scenario is that a container is only used by a single customer per
order, although it may happen that multiple customers share a container. In this case, the
container is ﬁlled at multiple customer locations, in case of an export order, or emptied at
65 multiple customer locations, in case of an import order. When multiple customers share a
container, then the goods are ordered in vertical layers corresponding to each customer.
This arrangement of goods within the container also determines the order in which the
Terminal
Import customer
Export customer
(a) Standard triangulation.
Full container
Empty container
(b) Multi depot triangulation.
Figure 1. Figures (a) and (b) show triangulations of import and export orders.(a) shows the triangula-
tion of an import trip and an export trip both connected to the same terminal. Figure (b) shows the tri-
angulation of an import trip and an export trip belonging to two different terminals.
2 L. B. REINHARDT ET AL.
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customers should be visited. Containers serviced at multiple locations are calledmulti D3-stop
orders. Since the order of the customer visits is predetermined for a multi-D4stop order, the
70 journey between the ﬁrst and the last customer is ﬁxed and the triangulation can only
occur after the visit to the last customer is ﬁnished for an import order or before the visit
to the ﬁrst customer is started for an export order.
Another type of triangulation is the chassi-triangulation where the truck can leave the
trailer carrying the container at the customer location for service (ﬁlling or emptying). A
75 (possibly different) truck will then be assigned to pick up the chassi with the container
after the service has been completed. This may give the truck time to handle other deliver-
ies while the container is being serviced at a customer location. Chassi-triangulations are
to some extent practiced in North America. However, in the rest of the world, the trucks
are usually not able to leave the trailer at the customer. This can be due to physical limita-
80 tion of the truck or due to the fact that interchanging a trailer between two trucks requires
the trucks to be of the same type. Moreover, two different trucking companies will usually
not be willing to exchange trailers. The paper by D5Imai et al. (2007) conﬁrms this limitation
for pre- and end-haulage in Japan.
In a real-life subcontracted pre- and end-haulage problem, a route starts the moment a
85 container is placed on the truck at a terminal and ends the moment the container is
removed from the truck (at a terminal). The liner shipping company only pays for a head-
haul transport of a container and as soon as the container is removed from the vehicle, the
subcontracted vehicle is free to handle other jobs, possibly from other companies. There-
fore, from the point of view of the liner company, there is no reason to minimize the num-
90 ber of routes. However, the problems considered in the literature often take on the
viewpoint of the trucking companies and therefore the available vehicles are often limited
or the number of vehicles used is minimized due to operational cost for each additional
vehicle. To also include this aspect, Section 3.3 considers a variant of the problem where
the number of vehicles is minimized.
95 The transportation of empty containers (also called repositioning) from one terminal
to another is generally not desired as it imposes unnecessary expenses to the shipping
company. Assuming that the vehicles always transport the empty containers to and from
the closest container yards, then the distance the empty containers are transported is min-
imized, but it may result in some container yards overﬂowing with empty containers while
100 others do not have enough empty containers to satisfy the demand. This may result in the
necessity of repositioning empty containers. Therefore, to satisfy the inventory constraints
for empty containers, the liner shipping companies may have requirements for where to
store the empty containers. Such balance requirements related to the terminals are consid-
ered in Section 3.4.
105 The liner shipping company studied has predeﬁned the pickup and drop off locations
for empty containers to ensure that there is no shortage of empty containers or storage
space. This, however, may result in longer driving distances than needed as empty con-
tainers may be stored at locations further away. Moreover, when triangulating orders, the
container is not stored at or removed from the predeﬁned locations leading to imbalances.
110 A way to solve this could be to place restrictions on the imbalance of empty containers
at the individual container yard and possibly penalize any imbalances. In this paper, we
formulate and test constraints which restrict the difference in the inventory levels of
empty containers at the terminals. The difference in the inventory level at a terminal is
INFOR: INFORMATION SYSTEMS AND OPERATIONAL RESEARCH 3
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calculated as the difference between the inventory level before the orders are initiated and
115 after all orders are ﬁnished.
The remainder of the paper is organized as follows: Section 2 contains a brief introduc-
tion to the existing literature on the topic. In Section 3, the mathematical model and its
extensions are presented with the solution method. In Section 4.1, the test instances are
presented and in Section 4.2, the test results are presented. The ﬁndings of the paper are
120 ﬁnally discussed in Section 5 and some conclusions are drawn.
2. Literature review
In recent years, the literature on pre- and end-haulage of container transport has
increased signiﬁcantly, and many different versions of the problem have been considered.
To provide an overview, Table 1 lists the problem properties presented in some of the
125 most recent papers on pre- and end-haulage. The table is based on the overview presented
by D6 Sch€onberger et al. (2013), extended with additional algorithm properties. In the table,
there is a column which indicates the solution method used. In Table 1, yard refers to the
storage location of empty containers. In some problems, the terminal has a yard for stor-
ing empty containers and therefore is considered both as a terminal and a yard.
Table 1. Properties of recent models for pre- and end-haulage. FT and LTL stand for D7full D8truck load and
D9less D10than full truck D11load (up to D12two D1320 foot containers per truck load), respectively, in the column load.
The yard is the location where empty containers are located. The number of terminals or yards in the
problem is 1 for single and m for multiple. The terminal is an intermodal connection point where the
containers are shipped to or from with mass transportation such as liner vessels, barges or trains. Time
windows are denoted by TW. Open requests indicates if a the origin of the empty container is open or
ﬁxed. When No, the origin is ﬁxed. VD14ehicles limited is yes if there is a limited number of vehicles avail-
able. In the column objective, the objective function is described. In the column solution method, it is
indicated if an exact or a heuristic method has been applied. The column number of orders indicates
the size of the instances solved.
Literature D15Load YD16ard TD17erminals TW
D18 rop
off
D19Open
requests
V D20ehicles
limited D21Objective
D22Solution
method
D23Number
of orders
D24Wang and Regan (2002) FT m m D25Yes D26Yes D27No D28Yes M D29in cost/max orders D30Heuristic D31Up to 75
D32Jula et al. (2005) FT m m D33Yes D34Yes D35No D36Yes M D37in cost exact D38Up to 20
D39Heuristic D40Up to 100
D41Imai et al. (2007) FT 1 1 D42No D43No D44Yes D45Yes D46Min cost HD47euristic D48Up to 200
D49Caris and Janssens (2009) FT 1 1 D50Yes D51No D52Yes D53Yes D54Min cost D55Heuristic D56Up to 200
D57Zhang et al. (2010) FT m m D58Yes D59Yes D60Yes D61Yes D62Min time HD63euristic D64Up to 75
D65Braekers et al. (2011) FT m m D66Yes D67Yes D68Yes D69No D70Bi-objective: HD71euristic D72Up to 200
M D73in vehicles
D74Min distance
D75Vidovic et al. (2011) LTL 1 1 D76No D77Yes ND78o D79No D80Min cost D81Exact D82Up to 36
D83Heuristic D84Up to 36
D85Zhang et al. (2011) FT m m D86Yes D87Yes D88Yes D89Yes D90Min cost/max orders D91Heuristic D92Up to 75
D93Reinhardt et al. (2012) FT m m Y D94es D95No D96Yes D97No M D98in cost D99Exact D100Up to 305
D101Braekers et al. (2013) FT m m D102Yes D103Yes D104Yes D105Yes D106Bi-objective: D107Heuristic D108Up to 200
D109Min vehicles
D110Min distance
D111Wang and Yun (2013) FT 1 m D112Yes D113Yes D114Yes D115Yes D116Min cost D117Heuristic D118Up to 40
D119Nossack and Pesch (2013) FT m m D120Yes D121Yes D122Yes D123Yes D124Min total time D125Heuristic D126Up to 75
D127Sch€onberger et al. (2013) LTL 1 1 D128No D129Yes D130Yes D131Yes D132Min distance E D133xact D134Up to 6
This paper FT m m D135Yes D136No D137Yes D138No D139Min cost E D140xact D141Up to 308
D142Min vehicles
4 L. B. REINHARDT ET AL.
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130 Several papers assume that the container can be removed from the truck at the cus-
tomer location, ( D143Wang & Regan 2002; D144Jula et al. 2005; D145Zhang et al. 2010; D146Braekers et al.
2011, 2013D147; D148Vidovic et al. 2011; D149Zhang et al. 2011; D150Nossack & Pesch 2013D151; D152Sch€onberger
et al. 2013D153; D154Wang & Yun 2013). However, it is noted by D155Imai et al. (2007) that this is only
the case when the chassi can be removed from the truck. It is very rare that the individual
135 customer has a crane for lifting the container off the truck, and such customers will often
have their own train terminal or barge port, and therefore will not be part of the consid-
ered problem. Chassi triangulation is rarely practiced outside North America. In D156Imai
et al. (2007) and D157Caris and Janssens (2009), the container follows the truck. In the sixth
column in Table 1, entitled D158‘drop off D159’, it is indicated whether the container can be removed
140 from the truck at the customer location.
D160Imai et al. (2007) formulated the problem of routing vehicles for container orders with
linkage between pickup and delivery, as a full truck load version of the vehicle routing
problem with backhauls (empty containers). D161Imai et al. (2007) solved the problem using a
Lagrangian relaxationD162-based heuristic. For details on the vehicle routing problem with
145 backhauls see e.g. D163 Mingozzi et al. (1999), Osman and Wassan (2002) and Toth and Vigo
(1997).
The solution method used by D164Braekers et al. (2011) is a deterministic annealing heuris-
tic. D165Zhang et al. (2010) use a heuristic to solve instances with up to 895 loads and in Zhang
et al. (2011), a two-D166stage approximation approach is used to solve a stochastic version of
150 their version of the drayage problem with up to 75 tasks.
Clearly, since the delivery location must immediately follow the pickup location for full
truck loads, this problem can also be considered as an asymmetric multiple travelling
salesman problem by merging the pickup and delivery of a container order into one node
(see D167Wang & Regan 2002; D168Jula et al. 2005; D169Zhang et al. 2010). As noted by D170Zhang et al.
155 (2010), the pre- and end-haulage problem differs from the problems in Jula et al. (2005),
Wang and Regan (2002) and Zhang et al. (2010) by the fact that it has the empty con-
tainer requests for which either the pickup or delivery location is not ﬁxed but may be
selected among several terminals or customers in need of empty containers. Empty con-
tainer orders with open destination or origin are also called open requests Sch€onberger
160 et al. (2013). An open request can be considered an independent request if it is assumed
that the container is removed from the truck at the customer location. When containers
cannot be removed from the truck at the customer location, the empty container request
is related to a full container request. In both cases, the empty container requests are con-
sidered open requests. In this paper, we model both open empty container requests and
165 ﬁxed empty container requests, and compare how the presence of the two constraints
affect the solutions.
The problem of full truckload pickup and delivery with hard time windows was
described and solved by D171Wang and Regan (2002) in 2002 by an exact method. Later, D172Jula
et al. (2005) D173solved the problem described by D174Wang and Regan (2002) by an exact method
170 for smaller instances with up to 15 locations and a genetic algorithm for large instances
with up to 895 locations. Note that in both Jula et al. (2005) and Wang and Regan (2002),
the open requests are not considered.
D175Imai et al. (2007) note that in the case where each route handles exactly one order, the
problem becomes an assignment problem which can be solved in polynomial time using
175 the Hungarian method. However, when the routes may contain more than one order, the
INFOR: INFORMATION SYSTEMS AND OPERATIONAL RESEARCH 5
TINF_A_1149919.3d (Standard Serif) (174£248mm) 04-03-2016 19:54
problem becomes a generalized assignment problem which is known to be NP-hard.Q3 This
is described in more detail in Imai et al. (2007) where a proof of NP-hardness for the vehi-
cle routing problem with full container loads (VRPFC) is presented.
Since the VRPFC problem is NP-hard, many different heuristic methods have been
180 presented to solve the problem. D176Imai et al. (2007) solve the VRPFC without time windows
using a heuristic method based on Lagrangian relaxation. The problem solved by D177Imai
et al. (2007) only has one yard and requests are open. Clearly, a problem with open
requests is more complex than a problem where the requests are ﬁxed at both ends. How-
ever, when the problem only has one depot, the number of possible locations is consider-
185 ably reduced, resulting in a much simpler problem.
D178Caris and Janssens (2009) extended the problem described by D179Imai et al. (2007) by add-
ing time windows, and they solved the problem using a two-phase insertion heuristic.
D180Reinhardt et al. (2012) used an exact method to solve the problem with time windows
and pickup and storage of the empty containers at the closest yard.
190 The remaining papers consider the variant of VRPFC where containers are removed
from the truck at the customer location. As mentioned earlier, this assumption rarely
holds in real life situations.
D181Wang and Yun (2013) include the train arrival schedule in the problem and solve
instances with up to 40 orders using a hybrid tabu search. D182Vidovic et al. (2011) allow two
195 20 ft containers to be transported on one truck and solve the problem by exact and heuris-
tic methods for data instances with up to 36 orders. For some of these, the exact method
used hours to ﬁnd a solution. D183Sch€onberger et al. (2013) as well as D184Vidovic et al. (2011)
consider the problem where two 20 ft containers may be carried on the same truck (LTL)
and solve the problem for instances with up to sixD185 orders by an exact method. In the pres-
200 ent paper, the possibility of two 20 ft containers on a truck is not considered. This is due
to the fact that containers cannot be removed from the truck at customer locations and
therefore as noted by the liner shipping company, one container will block for the access
to the goods in the other container.
The problem considered in this paper is mostly related to the formulation of D186Imai et al.
205 (2007) and D187Caris and Janssens (2009). However, contrary to the limited number of
vehicles in Caris and Janssens (2009) and Imai et al. (2007), there is no restriction on the
number of vehicles used in the problem presented here. D188Braekers et al. (2011) and D189Vidovic
et al. (2011) also consider problems without limits on the number of vehicles.
In this paper, we solve the pre- and end-haulage of a liner shipping company using col-
210 umn enumeration. In the column enumeration, each column is a route represented by a
binary column variable. An optimal covering of all orders is found by using integer pro-
gramming. The problem formulation is similar to D190Braekers et al. (2011), D191Caris and Jans-
sens (2009) and D192Imai et al. (2007). The model is very similar to the preliminary studies
presented in D193Reinhardt et al. (2012) with some extensions to minimize the number of
215 vehicles and to handle inventory constraints on the depots. Moreover, all suggested mod-
els are tested and analysD194ed.
The considered test instances are based on real-life operations and the assumptions pre-
sented here reﬂect the criteria of a given shipping company. We show that even though
many orders must be satisﬁed every day, it is not difﬁcult to enumerate all possible routes
220 since the number of feasible routes is signiﬁcantly restricted by container match constraints
and time windows (assuming real-life driving times, and including handling times).
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3. Mathematical model
In this section, we present a model for the pre- and end-haulage problem of a liner ship-
ping company. Multiple terminals and depots are allowed, and all customers have an
225 associated time window. We model and solve several different versions of the problem
where the depot for picking up or storing the empty container can be ﬁxed by the com-
pany or selected freely among the depots. Only one container is allowed to be on a truck
at a time and the container follows the truck until a depot or terminal is visited. The
model presented in this paper can handle both the cases where the chassi can be removed
230 and where the container stays with the truck at customer locations. However, since the
test data is from a country where the removal of chassis is not practiced, the tests only
represent the case where a container solely can be removed from a truck at a terminal or
a yard.
We apply a path formulation, hence the problem is broken into two parts: (1) ﬁnding
235 all feasible routes, (2) solving a set covering problem that selects a subset of the generated
routes so that all the orders are covered at a minimal cost.
3.1. The order covering model
The overall problem is formulated as a set covering problem which combines the routes so
that the orders are completed at a minimal cost. Let the sets:
240  P be the set of all possible routes (trip patterns),
 K be the set of all orders,
and let the parameters:
 cp be the cost of a path p 2 P,
 akp be 1 if path p 2 P covers order k 2 K (move of full container) and zero otherwise,
245  bkp be 1 if path p 2 P covers the move of the empty container related to order k 2 K
and zero otherwise,
 Ok be the demand for order k 2 K (there can only be one container per order as a
truck can at most carry one container),
 akp be the arrival time of the vehicle on the path p 2 P at the customer related to
250 order k 2 K,
 dkp be the departure time of vehicle on the path p 2 P at the customer related to order
k 2 K D195and
 s be the time it takes to ﬁll or empty a container.
Moreover, we have the variables:
255  yp is a binary variable which is 1 if path p 2 P is used and zero otherwise.
The parameters akp and dkp are only needed in the case where chassi-triangulations are
possible so that the empty and full container part of an order can be part of two different
routes.
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The problem can now be formulated as the following binary optimization program:
IP1 : min
X
p2P
cpyp (1)
261 s:t:
X
p2P
akpyp ¼ Ok k 2 K (2)
X
p2P
bkpyp ¼ Ok k 2 K (3)
X
p2P
akpyp þ s
X
p2P
dkpyp k 2 K (4)
yp 2 f0; 1g (5)
266 The objective (1) is to minimize overall cost of the routes. Constraints (2) ensure that all
orders are completed, constraints (3) ensure that all empty container pickup and deliver-
ies related to the orders are completed, and constraints (4) ensure that for export orders
an empty container has arrived so that the container can be ﬁlled before being picked up,
270 and for import orders that the full container has arrived before the empty is picked up.
Finally, (5) deﬁnes the variable domain. If chassi-triangulation patterns are not considered
and the container must stay with the vehicle at the customers, then constraints (4) are
redundant. Moreover, when not allowing chassi-triangulations, then the constraints (3)
are not needed as delivery and return of the empty container would be completed in the
275 same trip as the order (full container transport). Note that in the case of chassi-triangula-
tions, the container may be picked up and delivered on two different paths and the con-
straints (3) and (4) are, therefore, needed. The set P contains all feasible paths. The
generation of these paths is described in the following subsection.
3.2. Enumeration of all feasible paths
280 Path generation is done by full enumeration of all feasible paths. In the cases where the
number of vehicles is not minimized, the enumerated paths contain D196 all feasible combina-
tions of an import and an export order. Note that the number of paths in this case is poly-
nomial when the yard for the empty container is predetermined. In the case where the
container yard is open, the optimal solution selects the closest yard. When a balance
285 restriction is imposed on the yards, a distinct path for each container yard must be gener-
ated for each order.
In the case described in IP1 where the number of vehicles is not minimized, the paths
can be found by ﬁnding all single-location paths and all possible triangulations. A single-
location path for an export order is to bring an empty container from a terminal to the
290 customer, ﬁll it, and then bring the full container to the departure terminal. A single-loca-
tion path for an import order is to bring the full container to a customer, empty it and
then bring the empty container to a (predeﬁned or open) storage location. Note that a
path represents the journey of a vehicle carrying a container. This journey ends when the
vehicle returns to a container yard or terminal. In order to ﬁnd all (non-chassi) triangula-
295 tion paths, we combine all import orders with all export orders and verify the feasibility
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of the path, i.e. D197 bringing a full container to an import customer, empty the container, then
bring the empty container to an export customer, ﬁll the container D198 and then bring the full
container to the destination terminal. The feasibility is veriﬁed by checking whether the
container types can be matched and the time window is satisﬁed.
300 When the number of vehicles is minimized, the paths can be a combination of more
than two orders. We have included the case where the yard for the empty container is pre-
determined (but can be violated by triangulating an import and export order) and the case
where the empty container can be dropped off at a terminal where a full container is
picked up or an empty container can be picked up at the terminal where a full container
305 was dropped off by the same vehicle.
Chassi-triangulation is not considered in the computational experiments since this type
of triangulation is not allowed in the real-life data instances used for the tests.
3.3. Minimizing the number of vehicles
In the previous section, we assumed that the transportation of pre- and end-haulage is
310 subcontrated such that the liner shipping company only pays for the headhaul transport
of a container and hence has no interest in minimizing the number of vehicles. If the
transportation is not subcontracted, it may be relevant instead to reduce the operational
costs of the trucking company by minimizing the number of vehicles.
Let Q be the set of vehicle routes. This set of routes consists of all routes in the set P
315 (which is the container routes) and all feasible triangulations of the routes in P respecting
time windows and overall duration. The routes in P can be combined by creating a con-
necting trip from the end location of one route to the start location of the next route. Since
the distances in the real-life data frequently are quite large and the time windows tight,
this does not result in an unreasonable number of paths. In the case where the time win-
320 dows are very wide and the distances are small, this could, however, result in a huge num-
ber of paths. When reducing the number of vehicles, the objective (1) of IP1 must be
changed to the following:
IP2 : min
X
q2Q
ðcq þ CÞyq (6)
where C is the penalty for using a vehicle, e.g. D199 a known cost of using a vehicle. Note that
325 the constraints will be the same as constraints (2) to (5) where p and P are replaced by q
and Q, respectively. We include the cost of the paths cq in the objective function since we
wish to know the minimal cost path given a minimal number of vehicles. The constant C
should be chosen larger than any cq if the main objective is to minimize the number of
vehicles. However, other preferences between number of vehicles and overall costs may
330 be used in the weighted function.
3.4. Container yard balancing
Due to the balance constraints, it may not be possible to pickup or deposit empty contain-
ers at the nearest terminal. These requirements can be speciﬁc for a given day due to
resource limitations. Empty container repositioning (between terminals) should be
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335 avoided in the considered problem since they impose unnecessary costs. By introducing
container yard balance requirements, it is possible to incorporate information which will
ensure that empty containers are transported to container yards lacking containers and
empty containers are retrieved from container yards overﬂowing with containers. To
introduce the container yard balance constraints, we let:
340  T be the set of all yards,
 Bta  0 be the maximum allowed increase in empty container level at yard t 2 T,
 Btb  0 be the maximum allowed decrease in empty container level at yard t 2 T,
 ctpþ be the number of empty containers returned to yard t 2 T on a path p 2 P D200 and ctp be the number of empty containers taken from yard t 2 T on a path p 2 P.
345 Note that the parameters ctpþ and ctp are determined when generating the path p just as
the parameters akp and bkp. The yard balance constraints can be added to the problem as
shown in the following models (7)D201(13):
IP3 : min
X
p2P
cpyp (7)
s:t:
X
p2P
akpyp ¼ Ok k 2 K (8)
X
p2P
bkpyp ¼ Ok k 2 K (9)
351 X
p2P
akpyp þ s
X
p2P
dkpyp k 2 K (10)
X
p2P
ðctpþyp  ctpypÞBta t 2 T (11)
X
p2P
ðctpþyp  ctpypÞBtd t 2 T (12)
yp 2 f0; 1g (13)
356 The constraints (11) and (12) give a lower and upper bound on how much the balance
may differ at yard t from the beginning of the day to the end of the day.
Requiring an exact inventory can make the problem infeasible. A wider window of Bta
360 and Btd makes the existence of a feasible solution more likely. Another option which
would avoid the infeasibility issueD202 could be to introduce a penalty for violation of the bal-
ance constraints. The objective would in that case be D203
IP3 : min
X
p2P
cpyp þ
X
t2T
cetet þ cmtmt (14)
where cet is the unit penalty for having less empty containers at yard t, and cmt is the unit
365 penalty for having more empty containers at yard t than the required balance Btd. The var-
iables et and mt denote the number of empty containers less than Bta and the number of
empty containers more than Btd at yard t, respectively. Softer balance requirement would
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then be accomplished by replacing constraints (11) and (12) with constraintsD204
X
p2P
ðctpþyp  ctpypÞ  et Bta t 2 T (15)
X
p2P
ðctpþyp  ctpypÞ þmtBtd t 2 T (16)
371 For a given yard t 2 T, constraint (15) sets et to be the number of containers less than Bta
and constraints (16) sets mt to be the number of containers above Btd.
4. Test instances and computational results
The algorithm was tested on real-life data covering one month of orders in a large Euro-
375 pean country. Since orders are placed up to the day of operation, the company requested
that the optimal combination of triangulated and single routes must be found in less than
a minute to be applicable for onD205line decision support.
4.1. Test instances
In order to test the algorithm, we obtained one month of daily pre- and end-haulage
380 orders from a major liner shipping company, covering a single country in Europe. On
weekends, the amount of dry container orders is too small to be interesting test cases,
hence these days have been removed from the data D206-sets. The speciﬁc properties of the dry
container orders are described in Table 2. The data has the following characteristics:
Table 2. Overview of the considered instances limited to orders with containers of type HDRY (high
cube) and DRY.
Date Orders Import Export
03 67 21 46
04 206 74 132
05 225 70 155
06 256 70 186
07 247 72 175
10 268 83 185
11 284 94 190
12 12 11 1
13 236 48 188
14 308 101 207
17 244 65 179
18 246 71 175
19 221 52 169
20 242 55 187
21 249 50 199
24 207 44 163
25 208 37 171
26 216 43 173
27 232 50 182
28 263 57 206
31 211 46 165
01 17 17 0
02 158 60 98
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 12 to 308 orders per day and
385  10 yards at 10 different locations for empty container stowage.
Each order consists of one container which is either an export order or an import order.
In the given data, the origin and destination of the full container, and the storage loca-
tion of the empty container D207are provided in geographic coordinates. Moreover, for each
order a service time window is deﬁned. These times are usually requested by the custom-
390 ers when they place an import or export order. The time windows at customers are often
as small as 15 minutes in the given data.
The travel time is calculated based on an estimated average travel speed of 70 km/h for
the trucks. The wait cost is set to 50 units per hour.
Note that in the provided data, we do not consider handling costs. The path cost is
395 related only to the time used on driving and waiting. Moreover, the gate and wait costs
are estimates as we were not provided with exact prices from the company and the cost in
real-life would vary depending on container, truck type, time of day and yard.
We only consider dry containers since refrigerated containers cannot be triangulated
due to the need of cleaning before being reused. The four combinations of length and
400 type of the containers considered in the problem are therefore:
 20 ft normal, 40 ft normal, 20 ft high cube D208 and 40 ft high cube.
An import order can be triangulated with an export order if the combination of length
and type/height is the same for the containers in both orders, or if the length is the same
for containers in both orders and the container of the import order is of type high cube.
405 However, if the import container type is normal height and export container type is high
cube, then there would not be enough space in the container for the export order, there-
fore this is not allowed.
From Table 2, it can be seen that on most days there is a preponderance of export
orders. It is frequently seen at major ports that there is an imbalance between import and
410 export orders due to the imbalances in world trade. Such imbalances clearly affect the
objective as the number of triangulations cannot be larger than the minimum number of
the two order types.
4.2. Computational results
Solution times are not reported since all instances were solved in less than a minute by use
415 of column enumeration and plain CPLEX for the integer programming. Several of the dif-
ferent versions and extensions of the model described in Section 3 are tested.
Table 3 reports the results of routing without triangulation compared to routing with
the possibility of triangulation. Two versions of the problem are considered: In the ﬁrst
version, the location for picking up and delivering an empty container is predeﬁned for
420 non-triangulated paths. In the second version, the location for picking up and delivering
the empty container can be chosen freely among a set of locations. All of the solutions in
Table 3 were found by enumerating all feasible paths and using CPLEX MIP-solver for
selecting the optimal combination of routes. The optimal solution was in all test cases
found in less than a second. Column 1 in Table 3 indicates the date of the transportation
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425 orders, starting from Monday. Columns 2, 3, 4 and 5 consider the case where the empty
container location of each order is given in the data. Column 2 shows the total cost for
the day allowing triangulation and column 5 reports the number of triangulations used to
achieve this solution. Column 3 reports the amount by which the solution is reduced by
allowing triangulations and column 4 reports the reduction in percentage. Columns 6, 7,
430 8 and 9 consider the case where the empty container location can be freely selected among
the set of yard locations. In this case, there are 10 yards available for the empty containers.
Column 6 shows the cost for the day of operations when optimizing triangulations. Col-
umn 7 states the reduction in cost achieved by using triangulations on this version of the
problem and column 8 shows the reduction in percentage. Column 9 reports the number
435 of triangulations used in the solution presented in column 6. Column 10 shows the differ-
ence in solution value between using predeﬁned locations and selecting locations freely,
while column 11 reports the percent reduction between the solution with predeﬁned loca-
tions (column 2) and the solution with freely selected yards (column 6) for the case where
triangulations are permitted.
440 It is seen from Table 3 that the minimal solution using triangulations may save up to
14% of the daily operation cost. Note that the savings are slightly smaller in the case of
free container yards as there is less saving to be achieved on the empty container journey
in this case. Note that the number of paths P in this case is only a couple of thousands as
Table 3. Comparison of solution quality for predeﬁned and free empty container terminals, using model
IP1. For the triangulations, a wait cost has been introduced so that the cost is zero for the ﬁrst half an
hour and hereafter 50 units per hour. The speed is assumed to be 70 km/h, and a cost of 70 units per
hour is used as travel cost. Only orders involving containers of type HDRY and DRY are considered.
Predeﬁned empty location Free empty location
Improvement I D210mprovement
Improvement D212using free
empty location
Date
Cost
with triang CD213ost %
D209Number
of triang
Cost
with triang C D214ost %
ND211umber
of triang D215Cost %
03 15,686 108 1% 6 12,228 84 1% 4 3458 22%
04 54,959 3919 7% 24 46,446 1474 3% 17 8513 15%
05 45,798 4921 10% 31 39,094 2380 6% 28 6704 15%
06 59,366 9411 14% 36 52,149 6179 11% 33 7217 12%
07 52,401 3925 7% 38 46,387 1762 4% 33 6014 11%
10 64,243 9389 13% 33 56,635 6707 11% 33 7608 12%
11 60,086 9988 14% 42 53,626 6774 11% 38 6460 11%
12 3102 0 0% 0 2895 0 0% 0 207 7%
13 54,504 6524 11% 32 48,105 3385 7% 30 6399 12%
14 65,241 9961 13% 50 58,963 6981 11% 47 6278 10%
17 60,059 5257 8% 26 52,388 3050 6% 23 7671 13%
18 56,287 5645 9% 33 49,615 3746 7% 31 6672 12%
19 55,819 3926 7% 24 47,672 1801 4% 20 8147 15%
20 62,011 3849 6% 25 54,052 2564 5% 26 7959 13%
21 67,580 8568 11% 33 60,244 6407 10% 30 7336 11%
24 46,546 2835 6% 17 38,624 1289 3% 14 7922 17%
25 55,442 2163 4% 13 46,299 1173 2% 10 9143 16%
26 57,048 4847 8% 19 50,669 3240 6% 20 6379 11%
27 58,811 5139 8% 30 49,962 3533 7% 24 8849 15%
28 74,528 6040 7% 38 65,866 2807 4% 35 8662 12%
31 49,634 1583 3% 18 40,648 804 2% 13 8986 18%
01 3485 0 0% 0 3485 0 0% 0 0 0%
02 41,383 2088 5% 6 35,058 1553 4% 6 6325 15%
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the paths only contain up to two orders, and the time window constraints even eliminate
445 some of the combinations.
From Table 3, it is clear that having free empty container locations can improve the
solution with up to 22% reduced costs and 50 triangulations. It is impossible for the com-
pany to manually ﬁnd the optimal combination of data D216-sets this size. However, from the
company perspective this may not be as attractive as it seems, since the solutions may
450 cause containers to be unevenly distributed and result in the need of repositioning of
empty containers for which cost is not considered here. A way to avoid this is to introduce
inventory constraints in the removal and depositing of containers at each terminal. This
can be done by using the constraints presented in Section 3.4.
4.2.1. Test results for container yard balancing
455 Table 4 reports the results for instances where the inventory balance at each yard must
stay within an upper and lower limit. The test is run with hard yard balancing constraints:
Let D be the maximum number of containers that every yard is allowed to increase or
decrease their inventory by, at the end of the day, then Bta D ¡Btd D D. The empty con-
tainer location can be selected freely among the 10 available container yard locations.
460 The test instances are solved with parameters D D 15, D D 20 and D D 30. It is clear
that the overall cost should decrease when the balance constraints get wider. These can
also be compared to columns 6 and 9 in the Table 3 which represents the unbounded case.
In Table 4, the ﬁrst column lists the test instances. Column 2 and 3 report, respectively,
the cost and the number of triangulations of a minimum cost solution for D D 15 for all
465 terminals. Columns 4 and 5 show the same for the case where D is increased to 20. In
Table 4. Comparison of solution quality using ﬂexible yard balance constraints for D D 10, 15, 20. Ten
empty container terminals are present.
D D 15 D D 20 D D 30
Date
Cost with
triangulate
Number
of triang.
Cost with
triangulate
Number
of triang.
Cost with
triangulate
Number
of triang.
03 13,329 5 12,806 5 12,228 3
04 53,174 18 49,300 17 48,137 17
05 55,351 31 47,960 31 41,037 31
06 82,367 33 70,261 34 56,380 33
07 70,493 30 60,405 28 48,167 30
10 78,414 31 68,377 32 59,527 32
11 68,307 41 59,494 39 54,904 43
12 2895 0 2895 0 2895 0
13 84,868 28 69,239 30 51,867 29
14 84,984 45 73,470 46 62,274 48
17 75,791 23 64,411 23 53,521 25
18 73,461 29 63,103 29 53,160 31
19 78,707 20 66,289 21 52,586 22
20 91,384 23 77,537 24 58,857 33
21 102,603 25 86,408 26 66,638 28
24 76,108 12 63,223 13 47,627 13
25 102,800 10 86,854 14 66,651 12
26 89,274 20 74,125 21 57,719 20
27 82,744 24 68,788 24 52,680 24
28 104,911 31 89,759 31 70,740 35
31 79,858 13 67,330 13 51,575 16
01 3495 0 3485 0 3485 0
02 38,817 6 35,939 6 35,359 6
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columns 6 and 7, D is increased to 30 and in column 8 and 9, D is unbounded for all ter-
minals. Note that if the total balance does not satisfy the difference between the import
and export and there are not enough feasible triangulations, there may not be a feasible
solution. From the tests, it is clear that the yard restriction D increases the cost signiﬁ-
470 cantly as D decreases. However, a company should use this to compare with the cost and
need of repositioning. From the unbounded case to D D 15, instance 25 increases with
more than $ 50,000 which is also more than 50 % of the cost. This shows that these
restrictions are quite costly and should only be used if strictly necessary. Again for Table 4,
it should be noted that the optimal solutions on all test sets were found in less than a
475 second.
4.2.2. Test results for minimizing the number of vehicles
In Table 5, we consider the variant of the problem where the number of vehicles is mini-
mized. As mentioned earlier in the case where the transports are carried out by subcon-
tractors, the number of vehicles used does not add cost to the shipping company as the
480 subcontractors will charge per order based on distance and time, and the subcontractors
themselves optimize their vehicle usage in combination with orders from other companies
as well. However, there may exist some terminals where the companies have their own
Table 5. The results when minimizing the number of vehicles. The distance and travel time are
included in the objective to ensure the selection of the best possible solution with respect to distance
and travel time with the minimal set of vehicles. D219Three different ways of arranging a route for a vehicle
is presented. Max triangulation: a D220 return trip to a terminal corresponds to a vehicle, this case simply
maximize the number of triangulations. Fixed empty loc.: t D221he return trips are combined so that a vehi-
cle can do more than one return trip if time allows. Semi-free empty loc: tD222he empty container may be
deposited at the yard where the full container is picked up and the empty container for the next order
may be picked up where the full container is deposited. All tests were solved in less than a minute.
Max triangulation Fixed empty loc. Semi free empty loc.
Number of
Date Cost vehicles triang Cost Number of vD223ehicles Cost Number of vehicles
03 15,747 61 6 15,746 53 15,329 51
04 55,402 180 26 55,170 144 51,219 135
05 46,090 188 37 46,204 130 44,777 127
06 60,553 211 46 59,769 148 58,709 144
07 53,608 202 46 52,444 145 51,256 143
10 64,964 229 40 64,292 184 63,255 181
11 62,052 224 60 60,120 162 57,620 155
12 3102 12 0 3311 10 3311 10
13 55,492 195 41 55,330 142 53,700 139
14 65,632 249 59 65,509 185 64,257 182
17 60,603 211 34 60,349 145 56,934 142
18 56,695 209 38 56,883 151 56,710 150
19 56,504 189 32 56,083 133 54,822 133
20 62,892 208 34 62,341 156 61,212 152
21 68,576 212 40 67,867 169 66,785 166
24 46,725 187 20 46,870 129 45,458 126
25 58,962 186 24 55,868 138 54,193 136
26 58,958 183 33 57,224 149 55,141 141
27 58,940 200 32 58,968 156 56,957 152
28 75,278 217 49 74,659 181 71,794 175
31 50,827 186 25 49,857 142 49,229 140
01 3485 17 0 3515 11 3515 11
02 41,383 152 6 41,383 138 41,317 138
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ﬂeet of trucks. In this case, reducing the number of vehicles may signiﬁcantly decrease
cost of operation. This model is investigated in D217Imai et al. (2007) and D218Caris and Janssens
485 (2009) and therefore, a variant of this case is also considered here.
We have constructed three different versions of the problem of minimizing the number
of vehicles. One is the simple case where the same paths are generated, as for the tests in
Table 3 and 4, not adding more variables to the problem. In this case, each vehicle repre-
sents a single trip which ends when entering a terminal and the objective of minimizing
490 the number of vehicles corresponds to maximizing the number of triangulations. There-
fore, this result will provide us with the maximum number of triangulations possible for
each instance. All of these tests were solved in less than a second.
The second version is to combine the single trips while satisfying the time windows.
Note that when combining the trips, a wait cost is introduced if there is some time left
495 between trips. If one trip ends at one container yard and the next starts at another con-
tainer yard, a travel edge with the corresponding cost is added to the path sending the
vehicle from one container yard to the next. The trips combined are the trips using prede-
ﬁned empty container locations and triangulations.
The third version slightly extends the second version by allowing an empty container to
500 be deposited at the yard where the next full container trip starts and allowing the empty
container to be picked up at the yard where the last trip ended with a full container. This
is deﬁned here as having a semi free empty location. In column 1 of Table 5, the test
instances are listed. Columns 2, 3 and 4 contain the data for the ﬁrst version of the prob-
lem where the number of triangulations in a solution is maximized. Column 2 reports the
505 travel and wait time cost; column 3 reports the number of vehicles used, and column 4
shows the number of triangulations in the solution. Even though the number of vehicles
is minimized for all of the three variants considered, the reported cost only reﬂects the
minimal total travel cost when using the minimal number of vehicles. This makes it easier
to compare travel distances with the travel distances in Table 3 and 4.
510 Columns 5 and 6 show the results of the second version of the problem where the sin-
gle or triangulated paths are combined while still satisfying the time window constraints.
Column 5 reports the travel and wait time cost of the optimal solution and column 6
reports the number of vehicles needed in the optimal solutions of the second version of
the problem with ﬁxed empty container location. Columns 7 and 8 show the results for
515 the optimal solution when the position of empty containers can be adjusted to ﬁt the loca-
tion for pickup of full containers. Column 7 reports the travel and wait time cost of the
optimal solution and column 8 shows the number of vehicles needed in the optimal
solution.
The results in Table 5 show that the version with semi-D224free empty container locations
520 reduces the number of vehicles needed and in most cases also improves the travel and
wait time costs. Note that all the three problem variants include the possibility of triangu-
lation. All test cases were solved in less than a minute for the second and third versions of
the problem and less than a second for the case maximizing triangulations.
4.2.3. Import and export speciﬁc time windows
525 In all the test cases considered in Tables 3, 4 and 5, the time windows were provided by
the liner shipping company as the actual time windows demanded from the customers.
However, it would be interesting to see if more restricted time windows can reduce the
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overall cost. Since an import customer must be visited before an export customer in a tri-
angulation, we have modiﬁed the instances such that there is a ﬁxed morning time win-
530 dow for the imports and a ﬁxed afternoon time window for the exports. Results of these
tests are reported in Table 6. Nearly all of the 23 test cases show an improvement of up to
5%. In one test case, a slight increase in cost of 1% occurs and in one test case a decrease
in cost of 15% is achieved by restricting the time window. It can be seen by the last col-
umn in Table 6 that the rule may not always result in a solution with more triangulations.
535 When larger cost reductions occur with less triangulations, then the average cost reduc-
tion of each triangulation is larger.
The results shown in Table 6 show that ﬁxing the imports to 10 D253am and the exports to 3
D254pm in most cases will reduce the cost. However, the possible customer dissatisfaction of
operating with ﬁxed time windows for different order directions must be considered
540 before implementing such operation rules.
5. Conclusion
In this paper, we have considered an intermodal transportation problem arising in the
liner shipping industry. We have proposed several different mathematical models for opti-
mizing a one-day schedule covering all import and export orders. The presented model
545 ﬁnds the best combination of routes using a complete enumeration of paths. In the experi-
ments, we have considered single-location paths and triangulation paths. The model has
Table 6. Tests of the effects of changing the time window. The results on the initial time windows pro-
vided in data are shown and compared to the results of changing the time windows so that imports
occur at 10 am and exports at 3 pm. These times are chosen in the hope that ﬁxing imports to morning
hours and exports to afternoon hours will provide more triangulations and thereby a reduction in the
overall cost.
Given time window Import 10am Export 15pm Improvements
Date
Cost with
triangulate
D225Number of
triangulate
Cost with
triangulate
N D226umber of
triangulate C D228ost PD229ercentage (% )
T D227riangulate
diff
03 15,686 6 15,381 4 305 2 D230 ¡2
04 54,959 24 52,234 34 2725 5 D231 10
05 45,798 31 45,612 28 186 0 D232 ¡3
06 59,366 36 58,271 41 1095 2 D233 5
07 52,401 38 50,944 31 1457 3 D234 ¡7
10 64,243 33 62,653 50 1590 2 D235 17
11 60,086 42 57,864 54 2222 4 D236 12
12 3102 0 3102 0 0 0 D237 0
13 54,504 32 54,830 21 ¡326 ¡1 D238 ¡11
14 65,241 50 64,141 49 1100 2 D239 ¡1
17 60,059 26 57,156 26 2903 5 D240 0
18 56,287 33 54,425 38 1862 3 D241 5
19 55,819 24 53,616 19 2203 4 D242 ¡5
20 62,011 25 58,747 32 3264 5 D243 7
21 67,580 33 65,514 33 2066 3 D244 0
24 46,546 17 45,955 19 591 1 D245 2
25 55,442 13 53,761 15 1681 3 D246 2
26 57,048 19 54,897 21 2151 4 D247 2
27 58,811 30 56,026 31 2785 5 D248 1
28 74,528 38 72,343 38 2185 3 D249 0
31 49,634 18 48,748 18 886 2 D250 0
01 3485 0 3485 0 0 0 D251 0
02 41,383 6 34,988 25 6395 15D252 19
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been tested on instances covering 23 days of requests from a major liner shipping com-
pany, and we have analysD255ed the solution quality. Due to the tight time windows of the
considered data, the imbalance between imports and exports, and the problem of match-
550 ing the container size and type, the number of possible triangulations is quite limited.
This makes it possible to ﬁnd an optimal solution for instances with more than 300 orders
within seconds when solving the considered dryage problems and extensions (excluding
minimizing the number of vehicles).
Different models for selecting the empty container depots have been proposed, and
555 additional constraints for limiting imbalances have been formulated. The effect of such
limits on the routing cost has been investigated. Signiﬁcant savings using triangulations
are shown for this extension.
It is shown that for the considered real-life problems, complete path enumeration is a
manageable approach for ﬁnding optimal solutions. Due to the short calculation time, a
560 program using the enumeration method has been implemented in VBA as an Excel add-
in using Opensolver 2.1. The Excel add-in ﬁnds the optimal solution in less than a minute
for the test cases and is currently being tested at the liner shipping company.Q4
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